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Abstract
The spontaneous symmetry breaking in the quantum sine-Gordon model is demonstrated by
a density matrix renormalization group.  A phase diagram in the coupling constant - system size
plane is obtained. 
2The sine-Gordon (SG) model has been basically understood, i.e., the Bethe Ansatz (BA)
solution1  and  statistical  mechanics,2LQWKHDWWUDFWLYHUHJLPH 2 The  repulsive  regime
  < 2 < 4, however, is still open.  While a considerable effort has been made, nonexactness of
bosonization3 which connects fermions and bosons limits true SG thoeries only to those of quantum
inverse scattering method4 and perturbative renormalization group studies5,6.  In short, a unified
theory of the SG model which gives the exact VROLWRQVSHFWUXPDW  < 2 < DQGWKHmassless
SKDVHDW  < 2 is  yet  to  be constructed.  A recent work by Kehrein7 based on Wegner’s flow
equation method is a good progress in the SG theory.  What we know for sure about the SG model
is that it undergoes a %HUH]LQVNLL.RVWHUOLW]7KRXOHVV%.7WUDQVLWLRQDW 2  LQWKHVPDOOPDVV
parameter limit.  The BKT transition, however, suffers a strong finite-size effect 8 and physical
quantities of finite condensed matter systems critically depend on the system size.
The purpose of this paper is to precisely analyze a finite, lattice SG Hamiltonian,
where φi is the field variable at the lattice site i and L is the system size.  Note that (1), as a
mechanical analog, describes a system of torsion-coupled quantum pendula under gravity.  Using
a density matrix renormalization group (DMRG)9, we demonstrate the spontaneous symmetry
EUHDNLQJ66%LQWKHILQLWHODWWLFH6*PRGHO:HGUDZDSKDVHGLDJUDPLQWKH 2 - L plane, a
critical line separating the SSB ground state and unbroken one.
To calculate the ground state and the first excited state as a function of the system size L, we
follow the standard DMRG procedure.  We use the infinite algorithm, open boundary condition, and
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3the ground state target.  See Ref. 10 for details of DMRG applied to boson systems.  In particular,
we use the 3-site algorithm ( add a site in each DMRG step) rather than 4-site algorithm.  A special
note here is that we truncate the phase space to [-4pi,4pi] which makes the PDVVOHVVSKDVHDW 2 > 8pi
massive.  Nevertheless, as we will see below, we can demonstrate the SSB.
Fig. 1 shows the probability distribution of the phase (position of pendulum in mechanical
DQDORJDWWKHFHQWHUVLWHLQWKHJURXQGVWDWHIRU 2  = 13.  The probability distributions at different
sites differ only a few % at the edges.  Due to the phase space truncation to [-4pi,4pi], the translational
symmetry is somewhat broken from the outset, and the symmetry unbroken state at L = 7 is
delocalized over the two potential minima at -pi and pi.  With the increase of the system size, the
distribution becomes asymmetric and eventually localized near the potential well at -pi.  At the same
time, the first excited state shows similar localization but at the other potential minimum at pi.  The
asymmetry  of -pi ground state and pi 1-st excited state but not the other way around must be due to
a numerical noise.  L = 43, the two states are almost degenerate, the energy difference -10-5, showing
the SSB and the associated ground state degeneracy.  Fig. 2 shows the phase averages  at the center
site for the lowest 2 states as functions of the system size L.   After L = 43, the first excited state
VXGGHQO\DFTXLUHVDPDVVLQGLFDWLQJWKDWWKH JURXQGVWDWHORFDOL]HGDWWKHSRWHQWLDOZHOODW LV
QRPRUH DFFHVVLEOH IURP WKH   JURXQG VWDWH DQG WKH H[FLWHG VWDWH WKHUHDIWHU LV GXH WR D ORFDO
GHIRUPDWLRQRIWKH JURXQGVWDWHZKLFKPXVWEHDWRSRORJLFDOO\QHXWUDOsoliton-antisoliton pair
creation.  Fig. 3 shows the phase average, now different from site to site, vs the lattice site in the first
excited state at L = 67.
:HKDYHUHSHDWHGWKHFDOFXODWLRQYDU\LQJWKHFRXSOLQJFRQVWDQW 2:LWKWKHGHFUHDVHRI 2,
WKH66%RFFXUVIRUVKRUWHUV\VWHPVL]HVDQGPRUHDEUXSWO\)LJVKRZVDSKDVHGLDJUDPLQ 2 -
4L plane with a critical line separating the broken symmetry ground state and the unbroken one. 
Finally, an interesting question is if the SSB and the BKT transition are identical.  The
answer to this question is YES, but this issue will be discussed elsewhere.11  An important
application of the present work in condensed matter systems will be to a small arrays of Josephson
junctions.  The spontaneous symmetry breaking will then describe the superconductor-insulator
transition.
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Figure Captions
Fig. 1 The probability distribution of the phase at the center site in the ground state for the
V\VWHPVL]HV/ FURVVWULDQJOHFLUFOHDQGVTXDUH 2 = 13.
Fig. 2 The phase average YVWKHV\VWHPVL]HIRUWKHORZHVWVWDWHVIRU 2 = 13.  The phase-
average split to "  DQG HQHUJ\ GHJHQHUDF\ LQGLFDWH WKH VSRQWDQHRXV V\PPHWU\
breaking.
Fig. 3 Phase averages YVWKHODWWLFHVLWHLQWKHILUVWH[FLWHGVWDWHIRU 2 = 13.  Note that in
comparison, for ground state, the phase averages are simply at constant -pi.
Fig. 4 7KHSKDVHGLDJUDPLQ 2 - L plane. 
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